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Pestome

Lenb uccnedoeaHusi. AHanu3 bughypkayuli d8yxyacmomHbix KornebaHull anekmporpusoda nocmosiHHO20 MoKa ¢
WUPOMHO-UMIYIIbCHBIM YPasieHUeM.

MemodblI. ViccnedoeaHusi ocHo8aHbl Ha MOCMpPoeHuUU cmpobockonu4deckoeo omobpaxeHus lNyaHkape, pacyeme
€e0r108bIX epuoduyecKuUx opbum u ux ycmou4yusbix U Heycmou4usbIX UHeapUaHMHbIX MHO2006pa3ud.
Pe3ynbmamsbl. BbironiHeHo uccriedogaHue MexaHUu3Mo8 B803HUKHOBEHUST 08yx4acmomHbiX KosnebaHull  u3
mepswe20 ycmouvyugocme nNepuoduydecko2o O8UXKEHUST 8 37IeKmpornpugode nocmosiHHO20 moKa C WUPOMHOo-
UMnynbCHbIM yripassieHueM. Vi3ydeHa HerokanbHasi cedrno-y3noeas bugypkayus, npusodswass K pe3oHaHcy
(CUHXpOHU3ayuu) Ha mope, xapakmepusyemMom rnapol He3asucuMbiX Yacmom, Koeda UX OmMHOWeHUe CmaHo8umCcs
payuUoHasbHbIM YUCITOM.

3aknroyeHue. [posedeH bugypKayUOHHbIU aHalu3 cucmemb! yrpasneHuUs 371eKmpornpueodoM rnocmosIHHO20 MOKa,
OuHaMuKa Komopol onucbieaemcsi HeariadkumMu HeagmoHOMHbIMU AugbghepeHyuarnbHbIMU ypasHeHUsIMU. ViccriedosaHusi
po8ooUNUCH Ha UMepUpyemMomM 0OmobpaXKeHUU, rMormy4eHHOM U3 yKa3aHHO20 8EKMOPHOZ0 MOJIS 8 aHaumu4eckom sude.
lNokasaHo, ymo paccmampueaemasi cucmema OeMOHCmpuUpyem O8yX4acmomHbie KorebaHusi, Komopble B803HUKarom
yepe3s bugpypkayuro Helivapka-Cakkepa. B ¢hasosom rnipocmpaHcmee AuckpemHol modesnu korebaHusm ¢ 08ymsi
He3asuCUMbIMU Yacmomamu coomeemcmsayem 3aMKHymasi UHeapuaHmHasi Kpueas. [lokaszaHo, 4Ymo ecniu amu
4Yacmombl COOMHOCSMCS KpamHOo, mo rpoucxooum pe3oHaHC, koeda OuHaMuka cmaHosumcsi rnepuodudyeckoul. Ho
npu 3moM 3aMKHymasi Kpueas ocmaemcs UHeapuaHmHOU, a rnpedesibHble MOYKU opbumbl obpa3yrom napy
nepuoduyecKUx Yukioe — ycmouyusbil U cedr080l, omeedarouwux payuoHalbHOMY OMHOWEHUK Yacmom.
BamKkHymas uHeapuaHmMHas Kpusasi obpa3ogsaHa HeycmoU4usbIMU MHO2006pa3usMu cedrnogo2o yukna. Ecnu xe
OMHOWeHuUe Yacmom uppayuoHanbHoe, mo QuHamuka Keasurepuodudeckas. Opbumbi mako2o 08uxeHUsi 8Cto0y
M/I0OMHO 3arosHAM 3aMKHYMYHO KpUSYIo.

Knrodeebie cnoea: cucmema ynpaeneHus snekmponpueodom; 6ugpypkauyus Helimapka-Cakepa; 3aMKHymasi
UHBapuaHmMHas Kpugasi; deyxyacmomHble konebaHus; OughghepeHyuarnbHble ypasHEHUsT C pa3pbi8HOU Mpasol
yacmelo.

Kondgpbriukm uHmepecos: Asemop deknapupyem omcymcmeue SI8HbIX U MOMeHyuasbHbIX KOHQIUKMOo8 UHme-
pecos, cesizaHHbIX ¢ nybnukayuel Hacmosuwel cmambu.

BrnazodapHocmu: Paboma ebinonHeHa nod pykoeodcmeom 0-pa mexH. Hayk, rpogheccopa, npogeccopa kagheopsbi
sbiyucrumernsHol mexHuku @F6OY BO «HOe2o-3anadHbili 2ocydapcmeerHbil yHusepcumem» XK. T. XKycybanuesa
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Abstract

Purpose of research is of the paper is to analyze bifurcations of two-frequency oscillations of a DC electric drive with
pulse-width control.

Methods. The research is based on the construction of a stroboscopic Poincare map, the calculation of saddle peri-
odic orbits and their stable and unstable invariant manifolds.

Results. The study of the mechanisms of the occurrence of two-frequency oscillations from a periodic motion that
loses stability in a DC electric drive with pulse-width control was carried out. A non-local saddle-node bifurcation lead-
ing to resonance (synchronization) on a torus characterized by a pair of independent frequencies when their ratio
becomes a rational number, was studied.

Conclusion. A bifurcation analysis of the control system of a DC electric drive, the dynamics of which is described by
non-smooth nonautonomous differential equations, was carried out. The research was conducted on an iterable map
obtained from the specified vector field in an analytical form. It is shown that the system under consideration demon-
strates two-frequency oscillations that occur through the Neimark-Sacker bifurcation. In the phase space of the dis-
crete model, a closed invariant curve corresponds to oscillations with two independent frequencies. It is shown that if
these frequencies are correlated multiply, then a resonance occurs when the dynamics becomes periodic. But at the
same time, the closed curve remains invariant, and the limit points of the orbit form a pair of periodic cycles — stable
and saddle, corresponding to a rational frequency ratio. A closed invariant curve is formed by unstable manifolds of a
saddle cycle. If the frequency ratio is irrational, then the dynamics is quasi-periodic. The orbits of such motion fill the
closed curve everywhere densely.

Keywords: electric drive control system; Neimark-Sacker bifurcation, closed invariant curve; two-frequency oscilla-
tions; differential equations with discontinuous right-hand side.
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BBepgeHue

JIByXx4acTOTHbIE KOJE€OaHUS — IIMPOKO
PacHpoCTpaHEHHOE SIBJICHUE B IPUPOIE U
texnuke [1-9]. B kiaccuyeckom citydae Ta-
K€ PEXUMBI BO3HUKAIOT dYepe3 Oudypka-
o AHApoHOBa-Xomnga (B BEKTOPHBIX TO-
nsx) wm Helimapka-Cakkepa (B urepupye-
MbIX oToOpakeHusix) [1-9]. B ¢azoBom mpo-
CTPAaHCTBE TUHAMHYECKOM CUCTEMBI [IBYX-
YaCTOTHBIM KOJIEOAHHSIM COOTBETCTBYET JBY-
MEpHBIM TOp. JIMHAMUKAa HA TOPE 3aBUCUT
OT 4YWCJIa BpalleHHs,, KOTOpOoe MpeacTaB-
JSieT OTHOLICHHME JIBYX HE3aBUCHUMBIX Ya-
ctoT. Ecnmu oHO mppamnuoHanbHOEe 4YHCIIO,
TO JUHAMMKa KBasumepuojauueckas. B
3TOM Cily4ae Jto0asi TPaeKTOpUs JUHAMU-
YECKOM CHUCTEeMBI CO BPEMEHEM BCIOAY
IUIOTHO 3aIOJIHSET MOBEPXHOCTh TOpa, a B
MIOTIEPEYHOM €ro CeueHHHM TOUYKU Iepece-
YeHUs: OpOUTHl 00pa3ylOT 3aMKHYTYIO WH-
BAapUaHTHYIO KpuByto [1-15].

Ecmn ke 4wncio BpameHuss panuo-
HaJIbHOE YHCJI0, TO TUHAMMKA MEepUOanYe-
CKasi, IPOMCXOJUT 3aXBaT YacTOTHI, KOTJa
IpU Bapualuy MapaMeTpoB KojeOaHHs ¢
JIBYMsl HE3aBUCHUMBIMH YacTOTaMH Iepe-
XOAST B NEPUOJUYECKOE IBUKEHUE C 00-
M nepuojom [1-15].

B mpencraBienHol pabore mcchemy-
IOTCS MEXaHU3MBI POXKACHUS JIBYXUaCTOT-
HBIX KOJIeOaHUH M PE30HAHCHBIX SIBICHUMN
B DJIEKTPONPUBOJE IMOCTOSHHOTO TOKa C

VMITYJIbCHBIM YIIPaBICHUEM.

MaTepMan bl U METOAbI

Ha puc. 1 npencrasneHa cxema 3ame-

IICHHUA 2JICKTPOIPUBOJA IMOCTOAHHOI'O TOKa

C LIMPOTHO-UMIIYJIBCHBIM PETYIUPOBAHUEM

YIJIOBOM YacTOTHI BpallieHust potopa [16].
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Fig. 1. Control system equivalent circuit
3necb VT — WMIYIbCHBIM KIHOY;

VD — nuon, 3aMpIKarOIMi TOK SKOPS ITpU

BBIKIIOUeHUN VT ; E; — HalnpspKeHue Iu-

tanus; M — nBUTATENH TOCTOSHHOTO TOKA
C HE3aBHCHMBIM BO30YyXJIE€HUEM, Hampu-
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HOTO HampsbkeHus V)
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PEATM3YIOIINI IIMPOTHO-UM-IIYJbCHYIO MO-
ITyJSALA0 niepsoro poxaa [17].
MaremaTuueckass MOJIENb  JIEKTPO-
NPUBOJAA COIJIAaCHO puc.l mpencTaBiseTcs
cucreMoil nuddepeHnnaTbHBIX ypaBHE-

Hui Bujaa [16]

d—X=G(t,X), x=(xl,x2)r,

dt
T
G:(glagz) ’ (1
Rﬂ C(l) E
8 __Lﬂ X _Lﬂ x2+L_jKF:
CC() MC
g2:7x1— 7

rae K, = %[l—sign(ék =V amp (t))] 5
& =EO > S0 = (Vy =Bx (1))
Vi (1)==2(t/1a=| t/a]).

31ech x; — TOK SIKOps I ; X, — yIJIO-

s:|§

Bas 4acTOTa BpalleHUs poropa @; L, u
R, — COOTBETCTBEHHO, CyMMapHasi HHIYyK-
THBHOCTb U COIIPOTHUBIICHUE SIKOPHOH LIETH
nsuratens; C, — NOCTOSHHAs JBHUIraTens;
J — MOMEHT HHEpLUHU, INPUBEIEHHBIA K
Balny;, M, — craTu4yeckuii MOMEHT; & U
K| — COOTBETCTBEHHO, CUTHAJIBI HA BXOJE
U Ha BBIXOJIE MOAYJIATOPA; I_t/ aJ — ¢GyHK-
LM, BBIACIIAIONIAs LEJIYI0 4acTh apryMEH-
ta t/a; V, =X, — BBIXOAHOW CHTHAT
natyuka VS, roe 3 — 4yBCTBUTEIBHOCTH
JaT4yuKa; V, — ONOPHBIA CUTHAJI MOMYJIs-
TOpa; o — KOO(PQUIMEHT YCHJIEHHUS KOp-
pextupyromero 3seHa DA,; a — nepuon

CJICAOBAHUA HMITYJIBCOB TAKTOBOI'O I'CHC-

paropa.

ITapamerpsr:

R =0,53 Om, L =0,53-10" I'n;
C,=0,362 B-c, J=0,001884 kr-Mm’;
M. =10H-m; V,,=3B; V;=10B;
B=0,0318B/c; E,=350B; 0<a<I120.
CobcTBeHHbIC 3HaUeHusT 4, U /A, mar-
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Jlunamuueckass cucrema (3) Oblia
CBEJICHA K KYCOYHO-TJIAJKOMY OTOOpaske-
Huto [17,18]:

F:(x,y)—)F(x,y), 4)

P
F,(x,y), 19y—X+q>;,

P
F(X,Y): FM(X,)’), 0<‘9y_x+q<;a(5)

F, (x,y), Jy—x+¢g<0.

31ech
F, () e™ (x—1+)+1-Q,
ST e (yo1e0,) 1o,
()=, T
R\ V)= eMQ (y+Q2)—Q2 s
ai, x—1+Q al,(l—z) o)
Fy(np)=| IO T ]

e (y-1+0,)+e™ —q,

- (04 9 n
=—@Q, = -X .
5P 9=8y-xtq

Pe3ynbTaTbl U X 06CyxaeHune

Ha puc.2(a) nmpencraBieHbl pe3ynbTa-
Thl OU(YPKALMOHHOTO AaHaIN3a, BBINOJ-
HEHHOTO TpH BapHallU{ Mapamerpa o B
muanasone 34.84 <o <36.5.

IIpn a <o, cymecTByeT ycToMuMBas
runepOoMuyecKas HEMOJBM)KHAs TOYKa:
KOMILJIEKCHO-COTIPSDKEHHAs] Tapa MYJbTHU-
IUIMKATOPOB HAXOAUTCS BHYTPU €IUHHY-
HOro kpyra. Takas HEMOJBMXKHAs TOYKa

Ha3bIBa€TCs YCTOWYUBBIM (POKYCOM.

B Touke o =Q,, MyIbTUILUINKATOPHI
BBIXOJAT HA TPaHULY €AMHUYHOIO Kpyra.
B sTOoM ciydae roBopsAT, 4TO HENOJBHXK-
Has TOYKAa CTAaHOBUTCS HerumepOoInye-

ckoil. HermnepOonudeckasi HEMOIBHIKHAS

TOYKa C KOMIUIEKCHO-COIIPSKEHHOH ITapoy
MYJIbTUILIUKATOPOB, JEKAIIUX Ha TPAHULIE
€IMHUYHOTO Kpyra, SIBIsIeTCS aCUMIITOTHU-
YECKU YCTOMYMBOM [7].

[Tpu nanpHeieM yBeIHMUYE€HUH KO3(-
¢dunenta ycuiaeHus o abCONIOTHOE 3Ha-
YeHHE MYJIbTUILIMKATOPOB  CTAHOBUTCS
Oosplie enuHUIBL. B pe3ynpraTe 3TOrO
HEMOJBID)KHAs TOYKAa CTAaHOBUTCS He-
ycroituuBbiM ¢okycom [7, 8, 11-13, 17].
Ha Oudypxanmonnoi nuarpamMmme CIUIOII-
Hasi JIMHUSA OTBEYaeT YCTOMYMBOMY, a
MYHKTUPHAS — HEYCTOMUNBOMY (OKYCY.

IToTepst yCTOMYUBOCTH, KOTAA O >Qy,

MPUBOIMUT K MSATKOMY POXJICHUIO JBYyXYa-
CTOTHBIX KBa3UIEPUOIUYECKUX Kojeba-
Huid. Takum koneOaHusIM B (a30BOM TIpO-
CTpaHCTBE OTOOpaKEHUs, KaK Mbl OTMeYa-
JM paHee, OTBEYAaeT 3aMKHYyTash WHBapH-
aHTHas kpuBas (puc. 2(0)).

IIpn panpHEHNIEM W3MEHEHUHU I1apa-
MeTpa IPOUCXOIUT PE30HAHC Yepe3 CeJIo-
y370Byto Oudypkamuio [6-9]. Ha puc. 2(B)
n300pakeHa pe30oHaHCHAasi 3aMKHYyTasi Kpu-
Bas ¢ yuciaoM BpamieHus 2:23. [lns mayu-

e WUTIOCTpaluy  sSBJICHUS  (Pa30BBIM

NOPTPET IPHUBEACH B NEPEMEHHBIX X, H

X, cornacHo (2). Ha 3aMKkHyTOM KpHBOH

JSKUT Tapa MepUOANYECKHX OpOUT:
ycToWunBass U cennoBasd. MHBapuaHTHas

KpUBas SBIAETCS 3aMBIKAHMEM HEYCTOM-
(V) * v
4UBBIX MHOrooOpasuii W, cemioBoit me-
PUOIMYECKO OpOUTHI HA TOYKH YCTOWYH-
BOro 1ukia [6-9, 12, 13, 15, 16, 18, 19].
Pacuer ycTOH4YMBBIX MHOro00Opa3uit

CCJIOBOI'O IIMKJIa BBIIIOJIHEH C INOMOIIBIO

anropurma, npejacrasiieHHoro B [20,21].
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Puc. 2. (a) BudypkauunoHHas guarpamma ons 34,84 < o, < 36,5. 3geck ays — Touka budpypkaumm
Henmapka-Cakkepa. (6) ®a30Bbi NOPTPET, N306paxkatoLLnii 3aMKHYTYIO MHBapUAHTHYHO
KPVBYIO C MppaLMoHarbHbIM YncrioM BpalleHust npu o = 35,5. (B) ®a3oBbiil nopTpeT Ans
PE30HAHCHOWN 3aMKHYTOW KPMBOWM C YMCITOM BpalleHus 2:23 npu o = 36,39

Fig. 2. (a) Bifurcation diagram for 34,84 < o, < 36,5. Here ays — is the Neimark-Sacker bifurcation point.
(6) Phase portrait shows a closed invariant curve with an irrational rotation number at o. = 35,5.
(B) Phase portrait for a resonance closed curve with a rotation number 2:23 at o = 36,39

Kepa B AJIEKTPOIPHUBO/IE TIOCTOSTHHOTO TOKA C

BbiBoabl
MMITYJIbCHBIM YIipaBiieHHeM. V3ydyena Hesno-
B mpencraBneHHoil paGoTe BBINOIHEH KallbHas CeIo-y3ioBas Ou(ypKalus, IpH-
aHaJIU3 MEXAHW3MOB BO3HUKHOBEHUS JBYX- BOJAIIAS K PE3OHAHCY HA 3aMKHYTOH KpH-
YaCTOTHBIX KBa3UIEPHOIMUYECKHX KojeOa- BO#f, XapaKTepH3yeMO IBYMs HE3aBHCHMbI-
Huil uepes Oudypranmro Heiimapka-Cak- MH 4acTOTaMH, KOTJIA X OTHOIIEHHE CTaHO-
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BUTCSA PAalMOHAIBGHBIM YncioM. [Ipu stom HO TIpeNeNIbHBIE TOYKA OpOHWTHI OOpasyroT

3aMKHyTasi KpUBasi OCTA€TCsl MHBAPUAHTHOM, napy UUKJIOB — YCTOMUYUBBIN U CEJIOBOM.
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